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ABSTRACT: On the basis of mean-field theory, we predict that molecular
brushes with dendritic side chains (“dendronized polymers”) may exhibit
the behavior of semirigid polymers capable of lyotropic odering. The
apparent persistence length of these molecular brushes is governed by the
interactions between dendritic grafts and may significantly exceed the
characteristic brush thickness. Compared to bottle-brushes with linear
grafts, manifestation of the induced rigidity in molecular brushes with
dendritic branches is expected at smaller degrees of polymerization of the
grafts. Under good solvent conditions, the induced rigidity depends solely
on the number of side chain monomers per unit length of backbone and
the second virial coeffcient of monomer−monomer interactions,
irrespective of graft topology.

Molecular brushes consisting of a linear main chain
(backbone) decorated with numerous side chains

(grafts) were very much in the focus of theoretical and
experimental research in the past decade.1−4 The grafts could
have different architectures including linear, comb-like,
regularly or randomly branched chains, and so on (see Figure
1). The molecular brushes are characterized by high grafting

density of the grafts so that neighboring side chains are
considerably overlapped. Both local and large-scale conforma-
tional properties of the molecular brushes are strongly affected
by repulsive (under good or theta solvent conditions)
interactions between the side chains.5,6 These repulsions lead
to stretching of the grafts in the radial direction and induce
strong axial tension in the main chain.5,7

On the mesoscopic length scales the molecular brush can be
assimilated to a wormlike chain, which is characterized by the
cross-sectional thickness D (determined by radial extension of

the grafts), and the apparent persistence length lapp. The latter
arises due to extra crowding of the side chains upon bending of
the molecular brush and controls bending fluctuations on the
length scale comparable or larger than D. The coarse-grained
“wormlike” chain model for a molecular brush with linear side
chains was introduced more than two decades ago.5 According
to this model, a molecular brush in both good and theta
solvents is subdivided into ND effective (impermeable)
monomers with size D and adopts the conformation of a
swollen coil with average size ∼ D(lapp/D)

1/5ND
3/5. However, the

dependence of apparent persistence length lapp on the brush
parameters (degree of polymerization and grafting density of
the side chains) remained an issue of discussions in the
literature for a long time. According to the scaling model
developed by Fredrickson,8 lapp increases with increasing length
of the side chains stronger than the effective thickness D of the
molecular brush, lapp/D ≫ 1. Therefore, on the mesoscopic
length scale, molecular brushes should demonstrate the
behavior of semirigid polymers capable, for example, of
lyotropic ordering. On the contrary, in ref 5 it was suggested
that because of repartitioning of the grafts from the concave to
the convex side in bent molecular brush, the increase in the free
energy upon bending is negligible, and therefore, the brush
exhibits a flexible chain behavior on length scales larger than D,
that is lapp/D ≃ 1. Systematic computer simulations9−13 have
indicated that the apparent persistence length lapp of molecular
brushes increases proportionally to the brush thickness D upon
an increase in the length of the grafts. The same trend follows
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Figure 1. Schematic of molecular brushes with linear (a), comb-
branched (b), and dendritically branched (c) grafts.
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from the scattering experiments16−21 performed on organo-
and water-soluble molecular brushes with linear nonionic grafts.
The contradiction was resolved on the basis of extensive self-

consistent field calculations25 of the molecular brushes with
side chain length varied over three decades. It was
demonstrated that the average cross-sectional thickness (D)
and the induced thermodynamic rigidity (lapp) follow different
power law dependences on molecular weight of the grafts.
Hence, in the limit of long grafts the induced rigidity should
lead to large aspect ratio lapp/D ≫ 1, in accordance with the
prediction in ref 8. However, due to repartitioning of the grafts
upon bending, the numerical factor in the expression for
induced rigidity is much smaller than unity. As a result, the
induced persistence length remains smaller than the cross-
sectional thickness D of the brush for relatively short side
chains with ∼101−102 statistical segments. In this case the
apparent rigidity of the brush is controlled by its cross-sectional
thickness D. All experimental systems studied so far and earlier
computer simulations correspond to this range of the graft
lengths, that explains found proportionality lapp ∼ D. Only for
molecular brushes with extremely long linear grafts one could
expect manifestation of the induced rigidity, and large-scale
behavior of the molecular brushes as semirigid chains with
aspect ratio lapp/D≫ 1. The same conclusions have been drawn
on the basis of recent large-scale MC simulations.14

A different scenario is expected for molecular brushes with
branched grafts. Below we apply the mean-field approach to
examine the effect of hierarchical branching of the side chains
(grafts) on the equilibrium conformations and thermodynamic
stiffness of molecular brushes. We consider molecular brushes
with dendritic side chains (called also “dendronized poly-
mers”)15 and compare their properties to molecular brushes
with linear grafts. As we demonstrate below, the ratio of the
induced rigidity to the cross-sectional brush thickness lapp/D
increases as a function of the degree of branching of the grafts,
making feasible large-scale behavior of the molecular brushes as
semirigid mesoscopic chains.

■ RESULTS AND DISCUSSION
We consider a molecular brush comprising of the main chain
(backbone) onto which dendritically branched side chains
(grafts), each of degree of polymerization N, are attached at
regular intervals, see Figure 1c. A small separation h between
neighboring grafting points along the backbone ensures strong
lateral crowding of the grafts. We assume that the number of
grafts is sufficiently large to neglect the edge effects due to finite
length of the main chain.
Each of the grafts is a dendron characterized by the number

of generations, g = 0, 1, 2, .... The number of monomer units in
a single spacer is n, and functionality of each branching point is
q ≥ 1 (q = 1 corresponds to linear grafts). The number of
monomer units in a dendron of generation g ≥ 0 equals N =
n(qg+1 − 1)/(q − 1). One can also introduce the number of
monomer units in the longest elastic path in a dendron, from
the focal point attached to the main chain to any of the terminal
points. This path includes one spacer from each generation and
comprises = n(g + 1) monomer units. The ratio N/ =
(qg+1 − 1)/[(q − 1)(g + 1)] does not depend on n and grows
with an increase in both q and g. This ratio can be considered as
a measure of the degree of branching in the dendrons.
Obviously, for the linear chain (g = 0 or q = 1) = N.
We assume that spacers separating the branching points in

the grafts are moderately flexible. That is, ratio of the statistical

segment length, A, and the monomer length, a, in the spacer is
p = A/a > 1. For such polymers, moderately good solvent
conditions ensure the applicability of mean-field approximation
to account for monomer−monomer interactions in semidilute
solutions.26,27 At relatively low monomer concentrations c, the
interaction free energy per unit volume, kBT(va

3c2 + wa6c3), is
dominated by binary and ternary repulsions between
monomers, where va3 and wa6 are the second and the third
virial coefficients, respectively. Below we use a as the unit
length. We also assume that (i) either persistence length of an
isolated backbone is larger than axial distance h between
neighboring grafts, or (ii) overlap of the grafts causes strong
elongation of the main chain segment comprising of nb
monomers between neighboring grafting points up to h ≈ nb.
In both scenarios, the axial distance h is independent of
molecular weight N of side chains. The solution of molecular
brushes is assumed to be dilute so that intermolecular
interactions could be neglected.
The free energy of molecular brush (per graft) can be

represented as

= +F D F D F D( ) ( ) ( )int conf (1)

In terms of averaged polymer density within thickness D, the
contribution due to excluded volume repulsions between the
grafts is formulated as

≅
− −

− −⎪
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⎩

F D
k T

vN D h

wN D h

( ) , good solvent

, theta solvent
int

B

2 2 1

3 4 2
(2)

regardless of the graft topology.
On the contrary, the conformational free energy that

accounts for entropy losses in the extended grafts, should be
specified for a particular graft topology. In the dendritic graft
one can define multiple elastic paths of length connecting
the focal (grafting) point to any of the terminal groups.
Consequently, one can identify two limits for the conforma-
tional entropy losses in extended dendrons,23

β≅ =
β−

⎜ ⎟⎛
⎝

⎞
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The minimal conformational entropy penalty (β = 1) occurs
upon stretching of an (arbitrary) longest elastic part within each
dendron, whereas the spacers not belonging to this path remain
unstretched. In the opposite limiting scenario (β = 2), all the
spacers in all the generations are uniformly stretched that leads
to maximal estimate for the conformational entropy losses at
given size of the dendrons.
Minimization of the free energy F with respect to D gives

≅
β
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As is seen from eq 4, at fixed values of N and h, the cross-
sectional thickness D decreases upon an increase in degree of
branching N/ . By substituting D (eq 4) in eqs 1−3, we find
the equilibrium free energy per graft

≅
β

β⎪
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⎩

F D
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(5)
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The induced persistence length lapp of molecular brush is
specified as25

≅l
D F D

hk T
( )

app

2

B (6)

Here, D and F(D) are the equilibrium brush thickness and the
free energy per graft, respectively, in an unperturbed (straight)
configuration. By substituting D (eq 4) and F(D) (eq 5) in eq
6, one finds the power law dependences for induced persistence
length

≅
β⎪

⎪⎧⎨
⎩
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Remarkably, under good solvent conditions, lapp is
independent of the thermodynamic rigidity of the grafts p >
1, degree of branching N/ , and “mode” of the elastic
stretching. Such a behavior of lapp follows directly from eqs 1, 2,
and 6. Because at equilibrium both contributions in eq 1 are on
the same order of magnitude (Fint(D) ≃ Fconf(D)), under good
solvent conditions, the free energy per graft F(D) ≃ Fint(D) ∼
D−2, and therefore, lapp ∼ F(D)D2 ∼ D0 (eq 6) depends only on
the graft molecular mass per unit length of the backbone, N/h,
and the second virial coefficient v.
An increase in branching parameter N/ leads, however, to

an increase in average monomer concentration c ≃ N/hD2 and
to the corresponding transition (at c > v/w) from the good- to
theta-solvent regime for side chains. The boundary v = v* ≃ wc
between good- and theta-solvent regimes is specified as

* ≃
β

⎜ ⎟
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠v

w
phN

N2 1/3 /3

(8)

Under theta-solvent conditions (v < v*), lapp is determined by
the second line in eq 7. As follows from eqs 4 and 7, both D
and lapp are increasing functions of the grafting density, 1/h.
However, at given value of N, the brush thickness D decreases
as a function of the degree of branching, N/ . At N/ ≅ 1,
the scaling expressions for the brush thickness and induced
rigidity are equivalent to those for molecular brush with linear
grafts.5,25

Manifestation of the induced rigidity in the large-scale
conformational properties of the molecular brush depends
crucially on the ratio of the induced rigidity to the cross-
sectional brush thickness D:
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When lapp/D ≫ 1, the induced rigidity causes stiffening of
the brush on length scales larger than D and the brush behaves
as a semiflexible wormlike chain of effective monomers with
size D. In the opposite limit, the flexibility of molecular brush
on length scales ≥D is controlled by its thickness D, and the
brush behaves as a flexible chain of effective monomers with lapp
≃ D. In scaling terms, inequality lapp > D is always fulfilled when
the side chains are found in the brush regime. However, the
numerical coefficient omitted in eq 7 could be much less than
unity, and numerically, the condition lapp > D might be satisfied
only starting from certain molecular weight of the grafts.

In Figure 2 we present the asymptotic dependences of
induced persistence length lapp and apparent aspect ratio lapp/D

as a function of solvent strength v for weakly branched (with
(N/ ) ≃ 1) and strongly branched (with (N/ )2 ≫ (N/
)1) side chains. In both cases, lapp and lapp/D are increasing

functions of v in good solvent regime v ≥ v*. However, the
theta-region, where the brush properties are independent of
solvent strength, expands with increasing degree of branching.
As it follows from eqs 9 and Figure 2, aspect ratio lapp/D
increases as a function of N and, for given N, as a function of
the degree of branching N/ . In molecular brushes with
strongly branched dendritic grafts with N/ ≫ 1, the
crossover from flexible to semirigid wormlike chain behavior
might therefore occur at a smaller degree of polymerization N
of the grafts.
Experiments have demonstrated that polymers with dendriti-

cally branched side groups exhibit enhanced thermodynamic
stiffness, which is manifested in increased persistence
length.28,29 However, systematic comparison between molec-
ular brushes with linear and dendritic grafts is currently lacking.
To the end, we briefly discuss the conformations and

induced rigidity of the molecular brushes with comb-like grafts,
see Figure 1b. The latter could mimic certain natural
biomacromolecular assemblies, for example, aggrecan in
articular cartilage.30 The aggrecan assembly comprises a very
long hyaluronan backbone with grafted aggrecan ”monomers”−
comb-like brushes consisting of protein main chain and
polysaccharide side chains. Polysaccharides in aggrecan
monomers are semiflexible (p > 1) and are strongly ionized
with fraction of charged monomers α ≲ 1. Under relatively high
salt concentrations (close, e.g., to physiological conditions), the
electrostatic interactions between monomers in ionized
(polyelectrolyte) brushes manifest themselves via an effective
second virial coefficient veff ≃ α2/cs, where cs is the
concentration of salt ions. Therefore, one can apply the results
for good solvent conditions (with modified second virial

Figure 2. Asymptotic power law dependences of induced persistence
length lapp/a (eq 7) and of aspect ratio lapp/D (eq 9) as a function of
dimensionless (normalized by a3) second virial coefficient v of
monomer−monomer interactions for linear grafts, N/ = 1 (1) and
for strongly branched grafts N/ = 4.33 (2) (which corrresponds to
dendrons with g = 2, q = 3). Values of other parameters are: number of
monomers in the graft N = 100, distance between the grafts h = 2a, p =
A/a = 1, dimensionless (normalized by a6) third virial coefficient w =
1. The numerical coefficient in eq 4 is set to unity, the numerical
coefficient in eq 9 is set to 0.04 in order to provide lapp/D ≈ 1 for
linear grafts in accordance to SCF calculations in ref 25. The slopes are
indicated near the curves.
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coefficient v → v + veff) to describe the aggrecan brush. In the
first approximation, each of the comb-shaped grafts (aggrecan
monomers) could be modeled as a linear main chain of
monomer units with grafted to it with intervals m side chains,
each of length n. Hence, N = (1 + n/m) is the number of
monomers in one comb-shaped graft. The ratio n/m ≈ N/
characterizes the degree of branching of the comb-like grafts. A
unique longest elastic path in each graft coincides with its main
chain. Therefore, the conformational free energy of the brush
with comb-like grafts is given by eq 5 with β = 1. As discussed
above, the induced rigidity lapp of a molecular brush in a good
solvent does not depend on the degree of branching (that is, n/
m in case of comb-like grafts). Aging is known to affect the
grafting density of side chains in aggrecan monomers.30

According to our results, at a fixed distance h between the
grafts, detachment of side chains in comb-like aggrecan
monomers leads to the decrease in mass per unit length N/h
and the corresponding increase in flexibility of the molecular
brush (aggrecan assembly). This could, in turn, affect the
mechanical properties of cartilage network.
To conclude (i) the induced persistence length lapp of a

molecular brush increases with improving solvent quality for
the side chains and is maximal under good solvent conditions;
(ii) in a mean-field approximation, the induced persistence
length lapp of a molecular brush in a good solvent is
independent of graft topology, mode of its elastic stretching,
and thermodynamic stiffness of the side chains, and is solely
determined by the molecular mass of side chain per unit length
of the backbone, N/h; (iii) an increase in the degree of graft
branching N/ leads to the decrease in cross-sectional
thickness D, and the corresponding increase in apparent aspect
ratio lapp/D in both good and theta solvents. The latter makes
feasible manifestation of the induced rigidity in semiflexible
chain behavior of molecular brushes with sufficiently strongly
branched grafts.
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